The notion of a Schur multiplier has its origins in the work of I. Schur in the early 20 th century, and is based on entry-wise (or Hadamard) product of matrices. More specifically, a bounded function ϕ : N × N → C is called a Schur multiplier if (ϕ(i, j)a i,j ) is the matrix of a bounded linear operator on 2 whenever (a i,j ) is such. A concrete description of Schur multipliers, which found numerous applications thereafter, was given by A. Grothendieck in his Résumé [12] (see also [32] developed by M. S. Birman and M. Z. Solomyak (see [3] and the references therein) and V. V. Peller [30] . More concretely, given standard measure spaces (X, µ) and (Y, ν) and a function ϕ : X × Y → C, one defines a linear transformation S ϕ on the space of all Hilbert-Schmidt operators from H 1 = L 2 (X, µ) to H 2 = L 2 (Y, ν) by multiplying their integral kernels by ϕ; if S ϕ is bounded in the operator norm (in which case ϕ is called a measurable Schur multiplier ), it is extended to the space K(H 1 , H 2 ) of all compact operators from H 1 into H 2 by continuity. The map S ϕ is defined on the space B(H 1 , H 2 ) of all bounded linear operators from H 1 into H 2 by taking the second dual of the constructed map on K(H 1 , H 2 ). A characterisation of measurable Schur multipliers, extending Grothendieck's result, was obtained in [13] and [30] (see also [17] and [40] ). Namely, a function ϕ ∈ L ∞ (X × Y ) was shown to be a Schur multiplier if and only if ϕ coincides almost everywhere with a function of the form Among the large number of applications of Schur multipliers is the description of the space M cb A(G) of completely bounded multipliers (also known as Herz-Schur multipliers) of the Fourier algebra A(G) of a locally compact group G, introduced by J. de Cannière and U. Haagerup in [7] . Namely, as shown by M. Bożejko and G. Fendler [5] , M cb A(G) can be isometrically identified with the space of all Schur multipliers on G × G of Toeplitz type. An alternative proof of this result was given by P. Jolissaint [15] .
Herz-Schur multipliers have been highly instrumental in operator algebra theory, providing the route to defining and studying a number of approximation properties of group C*-algebras and group von Neumann algebras (we refer the reader to [20] , [6] and [18] ). Here one uses the fact that every Herz-Schur multiplier on a locally compact group G gives rise to a (completely bounded) map on the von Neumann algebra VN(G) of G, leaving invariant the reduced C*-algebra C * r (G) of G. In view of the large number of applications of Herz-Schur multipliers in operator algebra theory, it is natural to seek generalisations going beyond the context of group algebras. The main goal of this paper is to extend the notion of Herz-Schur multipliers to the setting of non-commutative dynamical systems. Given a C*-algebra A, a locally compact group G, and an action α of G on A, we define transformations on the (reduced) crossed product A r,α G of A by G, which, in the case A = C, reduce to the classical Herz-Schur multipliers and, in the case of a discrete group G, to multipliers defined recently by E. Bedos and R. Conti in [2] . More generally, we introduce Schur A-multipliers which, in the case A = C, reduce to the classical measurable Schur multipliers. In Section 2, we establish a characterisation of Schur A-multipliers that generalises the classical description of Schur multipliers (Theorem 2.6). We exhibit a large class of Schur A-multipliers defined in terms of Hilbert A-bimodules, and show that it exhausts all Schur A-multipliers in the case A is finite-dimensional (Theorem 2.7). In Section 3, we prove a transference theorem in the new setting, identifying isometrically the Herz-Schur multipliers of the dynamical system (A, G, α) with the invariant part of the Schur A-multipliers (see Theorems 3.8 and 3.18) . We introduce bounded multipliers of (A, G, α) and relate them to Herz-Schur (A, G, α)-multipliers, extending a corresponding result from [7] . In Section 4, we provide a description of a more general and closely related class of multipliers, namely, Herz-Schur multipliers associated with weak* closed crossed products, as the commutant of the scalar valued Herz-Schur multipliers associated with elements of M cb A(G) (Theorem 4.3). While in the case A = C this description is straightforward, here we need to use structure theory of crossed products and some recent results from [1] .
The rest of the paper is devoted to special classes of Herz-Schur multipliers. Namely, in Section 5, we consider multipliers naturally associated with the Haagerup tensor product of two copies of A, and multipliers defined on groupoids. In the former case, we relate our notion to examples of Herz-Schur multipliers exhibited in [2, Theorem 4.5] in the case of a discrete group. In the latter case, we show that completely bounded multipliers of the Fourier algebra of a groupoid, defined in [35] , form a subclass of the class of Herz-Schur multipliers introduced in the present work.
The results in Section 6 were our original motivation for the present paper. Here, we consider the case of a locally compact abelian group G and its canonical action α on the C*-algebra C * (Γ) of the dual group Γ. We focus on a special class F(G) of Herz-Schur multipliers, which we call convolution multipliers, and its natural subclass F θ (G) of weak* extendible convolution multipliers. We show that the Fourier-Stieltjes algebras B(G) and B(Γ) can both be viewed as subspaces of F θ (G), while F θ (G) is a subspace of their Fubini product. When the crossed product of C * (Γ) α G is canonically identified with the space K(L 2 (G)) of all compact operators on L 2 (G), the elements u of B(G) give rise to the measurable Schur multipliers corresponding to u via the aforementioned Bożejko-Fendler classical transference theorem, while the elements of B(Γ) correspond to a well-known class of completely bounded maps, arising from a representation of the measure algebra M (G) of G on K(L 2 (G)), studied in a variety of contexts in both operator algebra theory and quantum information theory, and by a number of authors including F. Ghahramani [11] , M. Neufang and V. Runde [26] , M. Neufang, Zh.-J. Ruan and N. Spronk [27] and E. Størmer [41] . The main result of the section are Theorem 6.7 and 6.10, where we identify the set F θ (G), and an associated subset, of convolution multipliers of G as subsets of the joint commutant of the two families described above.
The paper uses various notions from Operator Space Theory; we refer the reader to [4] , [9] , [28] or [33] for the basics. For background and notation on crossed products, which will be needed in Sections 3, 5 and 6, we refer the reader to [45] .
We finish this section with setting some notation. If E and F are vector spaces, we let E F be their algebraic tensor product. For a Banach space X , we let B(X ) (resp. K(X )) be the algebra of all bounded linear (resp. compact) operators on X , and denote by I X the identity operator on X . If H and K are Hilbert spaces, we denote by H ⊗ K their Hilbertian tensor product; for operators S ∈ B(H) and T ∈ B(K), we let S⊗T be the bounded operator on H ⊗ K given by (S ⊗ T )(ξ ⊗ η) = Sξ ⊗ T η. The (norm closed) spacial tensor product of two (norm closed) operator spaces U ⊆ B(H) and V ⊆ B(K) will be denoted by U ⊗ V. If U and V are weak* closed, their weak* spacial tensor product will be denoted by U⊗V.
Schur A-multipliers
Let (X, µ) be a standard measure space; this means that µ is a Radon measure with respect to some complete metrisable separable locally compact topology (called an admissible topology) on X. For p = 1, 2 and a Banach space E, we write L p (X, E) for the corresponding Lebesgue space of all (equivalence classes of) weakly measurable p-summable E-valued functions on X (see e.g. [45, Appendix B] ). If H and K are separable Hilbert spaces and E ⊆ B(H, K) is a weak* closed subspace, let L ∞ (X, E) be the space of all (equivalence classes of) bounded E-valued functions T on X such that, for every ξ ∈ H and every η ∈ K, the functions x → T (x)ξ and x → T (x) * η are weakly measurable. Note that L ∞ (X, E) contains all bounded weakly measurable functions from X into E. Analogously to [42, Chapter IV, Section 7], we often identify an element g of L ∞ (X, E) with the operator D g from L 2 (X, H) into L 2 (X, K) given by (D g ξ)(x) = g(x)(ξ(x)), x ∈ X.
We write · p for the norm on L p (X, E), p = 1, 2, ∞. In the case E coincides with the complex field C, we simply write L p (X). If f ∈ L p (X) and a ∈ E, we let f ⊗ a ∈ L p (X, E) be the function given by (f ⊗ a)(x) = f (x)a, x ∈ X.
We fix throughout the section a separable Hilbert space H. For a ∈ L ∞ (X), let M a ∈ B(L 2 (X)) be the operator given by M a ξ = aξ; set
Note that the identification L 2 (X) ⊗ H ≡ L 2 (X, H) yields a unitary equivalence between L ∞ (X, B(H)) and D X⊗ B(H) [42, Theorem 7.10] .
Let (Y, ν) be a(nother) standard measure space. We equip the direct products X × Y and Y × X with the corresponding product measures. It is easy to see that, if k ∈ L 2 (Y × X, B(H)) and ξ ∈ L 2 (X, H) then, for almost all y ∈ Y , the function x → k(y, x)ξ(x) is weakly measurable; moreover,
It follows that the formula
Proof. Let ξ ∈ L 2 (X, H). Then, by (1),
Thus, T k is bounded and its norm does not exceed k 2 . It is clear that if k = 0 almost everywhere then T k = 0. Conversely, suppose that T k = 0. Choose a countable dense subset
and it follows that k(y, x)e i , e j = 0 almost everywhere, for all i, j. Since k(y, x) is a bounded operator, k(y, x) = 0 for almost all (x, y).
Note that, if w ∈ L 2 (Y × X) and a ∈ M then
Letting
be the space of all compact operators from L 2 (X) into L 2 (Y ), we have that S 2 M is norm dense in K ⊗ M (here S 2 denotes the space of all Hilbert-Schmidt operators from L 2 (X) into L 2 (Y )). We conclude that S 2 (Y ×X, M) is norm dense in K⊗M and equip it with the operator space structure arising from its inclusion into K ⊗ M. We fix throughout the section a non-degenerate separable C*-algebra A ⊆ B(H). If B is a(nother) C*-algebra, we denote by CB(A, B) the space of all completely bounded linear maps from A into B and write CB(A) = CB(A, A). A function ϕ : X × Y → CB(A, B(H)) will be called pointwise measurable if, for every a ∈ A, the function (x, y) → ϕ(x, y)(a) from X × Y into B(H) is weakly measurable. Let ϕ : X × Y → CB(A, B(H)) be a bounded pointwise measurable function. For k ∈ L 2 (Y × X, A), let ϕ · k : Y × X → B(H) be the function given by
It is easy to show that ϕ · k is weakly measurable; since ϕ is bounded,
be the linear map given by
will be called a Schur A-multiplier if the map S ϕ is completely bounded.
It follows from the discussion after Lemma 2.1 that a bounded pointwise measurable function ϕ : X × Y → CB(A, B(H)) is a Schur A-multiplier if and only if the map S ϕ possesses a completely bounded extension to a map from K ⊗ A into K ⊗ B(H) (which will still be denoted by S ϕ ).
We let S(X, Y ; A) be the space of all Schur A-multipliers and endow it with the norm (4) ϕ S = S ϕ cb ; it follows from Lemma 2.1 that if S ϕ = 0 then ϕ = 0 almost everywhere, and hence (4) indeed defines a norm on S(X, Y ; A).
Note that Schur C-multipliers coincide with the classical (measurable) Schur multipliers [30] , [17] .
A special role in our considerations will be played by Schur A-multipliers ϕ for which ϕ(x, y) ∈ CB(A) for all (x, y) ∈ X × Y , that is, ones for which the range of ϕ(x, y) is in A. In this case, S ϕ is a map on S 2 (Y × X, A). We let S 0 (X, Y ; A) be the space of all such Schur A-multipliers. The next proposition shows that S 0 (X, Y ; A) does not depend on the faithful *representation of A. Proposition 2.3. Let θ : A → B(K) be a faithful *-representation of A on a separable Hilbert space K. A bounded pointwise measurable map ϕ : X×Y → CB(A) is a Schur A-multiplier if and only if the (bounded pointwise measurable) map ϕ θ : X × Y → CB(θ(A)), given by ϕ θ (x, y)(θ(a)) = θ(ϕ(x, y)(a)), a ∈ A, is a Schur θ(A)-multiplier. Moreover, ϕ S = ϕ θ S .
Proof. Let B = θ(A). Note that the map id ⊗θ : K A → K B given by (id ⊗θ)(T ⊗ a) = T ⊗ θ(a) extends to a complete isometry from K ⊗ A onto K ⊗ B [4] . Let k ∈ L 2 (Y × X, A); then the map k θ = θ • k belongs to L 2 (Y × X, B). We claim that (5) T k θ = (id ⊗θ)(T k ).
To see (5) , note first that, by (3), it holds when k = k ⊗ a for some k ∈ L 2 (Y × X) and a ∈ A; hence, by linearity, it holds if k ∈ L 2 (Y × X) A. By [42, Proposition 7.4] , there exists a sequence (
in the operator norm, and we conclude that
in other words,
It follows that S ϕ is completely bounded if and only if S ϕ θ is so and that, in this case, ϕ S = ϕ θ S . Proposition 2.3 allows us to view the elements of S 0 (X, Y ; A) independently of the particular faithful representation of A on a separable Hilbert space; we will thus in the sequel refer to A-valued Schur A-multipliers without the need to specify a particular representation.
Proof. By continuity and linearity, it suffices to establish (6) in the case 
Proof. Let M (K(E) ⊗ A) be the multiplier algebra of K(E) ⊗ A. Proof. (i)⇒(ii) Suppose that ϕ ∈ S(X, Y ; A). Let E = L 2 (Y ) ⊕ L 2 (X) and Φ : K(E) ⊗ A → K(E) ⊗ B(H) be given by
It is clear that Φ is a completely bounded map with Φ cb = S ϕ cb . By the Haagerup-Paulsen-Wittstock Theorem, there exist a Hilbert space L, a non-degenerate *-homomorphism θ :
⊗A is separable, we may assume that L is separable. By Lemma 2.5, there exist a separable Hilbert space K, a unitary operator U : L → E ⊗ K and a *-representation ρ : A → B(K) such that
WritingV andŴ in two by two matrix form and recalling (7) , we conclude that there exist bounded operatorsṼ : L 2 (X, H) → L 2 (X, K) andW :
. Thus, the projection onto S has the form I L 2 (X) ⊗ E, for some projection E ∈ ρ(A) . Moreover,
Settingρ = id ⊗ρ (so thatρ is a map from K ⊗ A into K ⊗ B(K)), by (8) and (9), we now have
Note, further, that if c ∈ L ∞ (X) and d ∈ L ∞ (Y ) then
we conclude from (10) that
for every T ∈ K ⊗ A. Identities (11) and (12) and Lemma 2.4 imply that
for all ξ ∈ L 2 (X, H) and all η ∈ L 2 (Y, H). We conclude that [42, Theorem 7.10] ). Let now
The projection onto T has the form I L 2 (Y ) ⊗F for some projection F ∈ ρ(A) . Letting V = (I L 2 (X) ⊗ F )Ṽ , and using similar arguments to the ones above, one shows that (M c ⊗ I K )V = V (M c ⊗ I H ) for all c ∈ L ∞ (X) and hence that V ∈ L ∞ (X, B(H, K)). Note that W = (I L 2 (Y ) ⊗ F )W and hence, by (12) ,
Let k ∈ L 2 (Y × X) and a ∈ A. For ξ ∈ L 2 (X, H) and η ∈ L 2 (Y, H) we have (15) S
On the other hand, by (14) ,
Comparing the last identity with (15) and taking into account that these identities hold for all k ∈ L 2 (Y × X), we conclude that If the measures µ and ν are not finite, the proof is completed by choosing increasing sequences (X n ) n∈N and (Y n ) n∈N , each of whose terms has finite measure, and letting ξ = χ Xn ⊗ ξ 0 and η = χ Yn ⊗ η 0 , with ξ 0 , η 0 ∈ H. (ii)⇒(i) The assumption shows that the mapping S ϕ :
By linearity,
, Lemma 2.1 and the fact that ϕ is bounded, we obtain
Thus, S ϕ has a completely bounded extension to K ⊗ A (namely, the map T → W * ρ (T ))V ) and hence ϕ is a Schur A-multiplier.
Remarks (i) The proof of Theorem 2.6 shows that if ϕ ∈ S(X, Y ; A) then the operator valued functions V and W can be chosen so that
(ii) In the case A = C, Theorem 2.6 reduces to the well-known characterisation of measurable Schur multipliers due to U. Haagerup [13] and V. V. Peller [30] (see also [17] ). Indeed, in this case, ρ is equal to the identity representation of C and hence ϕ has a representation of the form
where v : X → K and w : Y → K are weakly measurable essentially bounded functions, for some separable Hilbert space K.
If, in Theorem 2.6, the operator valued functions V and W can be chosen to be weakly measurable, then we will say that the Schur A-multiplier ϕ has a weakly measurable representation. In the next theorem we exhibit a class of A-valued Schur A-multipliers possessing a weakly measurable representation which exhausts all such multipliers in the case A is finite dimensional. Recall that a Hilbert A-bimodule is a right Hilbert A-module N , equipped with a left A-module action given by a · ξ def = θ(a)(ξ), a ∈ A, ξ ∈ N , for some *representation θ of A into the C*-algebra of all adjointable operators on N . As is customary in the literature on Hilbert modules, we assume linearity on the second variable of the A-valued inner product, denoted here by ·|· A . (i) there exist a countably generated Hilbert A-bimodule N and bounded weakly measurable functions v : X → N and w : Y → N such that (19) ϕ(x, y)(a) = w(y)|a · v(x) A , for almost all (x, y) ∈ X × Y for every a ∈ A.
(ii) ϕ is a Schur A-multiplier possessing a weakly measurable representation.
Proof. (i)⇒(ii) It follows for instance from [8, Example 2.8] that there exist a separable Hilbert space K, an isometry τ : N → B(K) and a faithful *-
Moreover, the maps τ • v and τ • w are weakly measurable. By Theorem 2.6, the map ϕ π : X × Y → CB(π(A)), given by ϕ π (x, y)(π(a)) = π(ϕ(x, y)(a)), is a Schur π(A)-multiplier. By Proposition 2.3, ϕ is a Schur A-multiplier.
Assume now that A is finite dimensional. By Proposition 2.3, we may identify A with the C*-algebra ⊕ m k=1 M n k ⊆ B(H), where M n denotes, as customary, the n by n matrix algebra and
Suppose that ϕ is a Schur A-multiplier, K is a separable Hilbert space, V : X → B(H, K), W : Y → B(H, K) weakly measurable functions, and ρ :
Clearly, Ψ is a completely positive projection from B(H) onto A. We equip B(H, K) with the A-valued inner product given by S, T A = Ψ(S * T ). As the projections P k , k = 1, . . . , m, are mutually orthogonal and m k=1 P k = I, we have S, S A = 0 if and only if S = 0. Moreover,
showing that the map θ a : S → a · S is adjointable and that the map a → θ a is a *-representation; thus, N is a Hilbert A-bimodule and ϕ(x, y)(a) = W (x), a · V (x) A for almost all (x, y) ∈ X × Y . As H is finite dimensional and K is separable, N is countably generated.
Let B = B(L 2 (X), L 2 (Y )) for brevity. Proposition 2.8. If ϕ ∈ S(X, Y ; A) then the map S ϕ has a unique extension to a completely bounded weak* continuous map from B⊗A * * into B⊗B(H).
Proof. Let P : B(H) * * → B(H) be the canonical projection (that is, the adjoint of the inclusion map of the trace class on H into B(H) * ). Then the map id ⊗P : B⊗B(H) * * → B⊗B(H) is weak* continuous and completely contractive (see e.g. [4] and [9, Proposition 7.1.6]).
By [14, Example 1], given a C * -algebra B, there is a canonical normal *isomorphism
Hence we may view the second dual Φ * * as a completely bounded map from B⊗A * * toB⊗B(H) * * , extending Φ. AsK ⊗ A is weak* dense inB⊗A * * we have that for any T ∈B⊗A * * there exists Ψ(T ) ∈ B⊗B(H) * * such that
In particular,
and the mappingΨ = Ψ| B⊗A * * : B⊗A * * → B⊗B(H) * * is completely bounded and weak* continuous. Hence the composition
is a completely bounded weak* continuous map, extending S ϕ . The fact that this extension is unique follows by weak* density.
We will use the same symbol, S ϕ , to denote the map obtained in Proposition 2.8. We note that if S ϕ satisfies equation (14) ,
and all a ∈ A * * , where ρ has been canonically extended to A * * .
While Proposition 2.8 implies that, if ϕ ∈ S 0 (X, Y ; A), then the map S ϕ on K ⊗ A has a weak* continuous extension to B ⊗ A * * , an analogous extension is not guaranteed to exist in representations of A different from the universal one. This motivates the following definition. Definition 2.9. Let A be a separable C*-algebra and θ be a faithful *representation of A on a separable Hilbert space. An element ϕ ∈ S 0 (X, Y ; A) will be called a Schur θ-multiplier if the map S ϕ θ : K ⊗ θ(A) → K ⊗ θ(A) can be extended to a weak* continuous map on B⊗θ(A) .
The notion of a Schur θ-multiplier will be used in the subsequent sections.
Herz-Schur multipliers and transference
In this section, we introduce and study Herz-Schur multipliers of crossed products. We assume throughout that G is a locally compact group. Left Haar measure on G will be denoted by m G or m and integration with respect to m G along the variable s will be denoted by ds.
We write C * r (G) (resp. VN(G)) for the reduced group C*-algebra (resp. the von Neumann algebra) of G, that is, for the closure in the norm topology (resp. in the weak* topology) of λ G (L 1 (G)). As customary, we let A(G) (resp. B(G), B λ (G)) be the Fourier (resp. the Fourier-Stieltjes, the reduced Fourier-Stieltjes) algebra of G. We note the canonical identifications A(G) * = VN(G), C * (G) * = B(G) and C * r (G) * = B λ (G) [10] . Let A be a separable C*-algebra. In this section, unless otherwise stated, H will denote the Hilbert space of the universal representation of A; we consider A as a C*-subalgebra of B(H). Let α : G → Aut(A) be a continuous (with respect to point-norm topology) group homomorphism; thus, (A, G, α) is a C*-dynamical system. The space L 1 (G, A) is a *-algebra with respect to the product × given by (f ×g)(t) = G f (s)α s (g(s −1 t))ds and the involution * given by f *
thus, the pair (π, λ) is a covariant representation of (A, G, α) and hence gives rise to a *-representation π λ :
is weak* continuous for every a ∈ A. We will say that F is fiber continuous if F is (π, λ)-fiber continuous. Note that if F is bounded and point norm continuous then it is pointwise measurable and fiber continuous.
We further say that F is almost (ρ, τ )-fiber continuous if, for every ω ∈ B(K) * and every a ∈ A, the function s → ρ(F (s)(a))τ s , ω coincides, up to a null set, with a continuous function. Almost (π, λ)-fiber continuous functions will be referred to simply as almost fiber continuous. 
given by
We denote by S(A, G, α) the set of all Herz-Schur (A, G, α)-multipliers. If F ∈ S(A, G, α) then the map S F extends to a completely bounded map on A r,α G. This (unique) extension will be denoted again by S F . We let
is an algebra with respect to the operations just defined.
(ii) Recall that a bounded continuous function u : G → C is called a completely bounded (or Herz-Schur ) multiplier [7] of the Fourier algebra 
The reduced crossed product of C by the (unique) action α of a locally compact group G on C coincides with C * r (G). Identifying B(C) with C in the natural way, we have that a bounded continuous function u : G → C is a Herz-Schur (C, G, α)-multiplier if and only if u is a Herz-Schur multiplier.
Then the pair (π θ , λ θ ) is a covariant representation of (A, G, α). Since A is assumed to be universally represented, up to a *isomorphism, K is a closed subspace of H that reduces A, π θ (a) is the restriction of π(a) to L 2 (G, K), while λ θ s is the restriction of λ s to L 2 (G, K).
is completely bounded. Thus, Herz-Schur (A, G, α)-multipliers can be defined starting with any faithful representation of A instead of its universal representation.
In the case A = C, the maps on C * r (G) associated with Herz-Schur multipliers automatically have a weak* continuous extension to (completely bounded) maps on the weak* closure VN(G) of C * r (G). Such extension is not ensured to exist in the general case -this motivates the following definition.
Definition 3.3. Let A be a separable C*-algebra, K be a Hilbert space and
has an extension to a bounded weak* continuous map on A w * α,θ G. A θ-multiplier F will be called a Herz-Schur θ-multiplier if the extension of Φ θ F to A w * α,θ G is completely bounded. We note that, in Definition 3.3, we do not require the pointwise measurability of the function F . The weak* continuous extension of the map Φ θ F therein will still be denoted by the same symbol.
The claim follows. 
For ω ∈ B(L 2 (G, K)) * and a ∈ A, let g ω,a (s) = π θ (F (s)(a))λ θ s , ω , s ∈ G. Then g ω,a coincides with an element of B λ (G) up to a null set.
Hence, the map λ G (f ) → G f (s)g(s)ds can be extended to a bounded linear functional on C * r (G) and therefore there exists
If G is second countable and K is separable, then under the assumption of the previous lemma there exists a null subset N ⊆ G such that g ω (t) = b ω (t) for any t ∈ G \ N and ω ∈ B(L 2 (G, K)) * . Indeed, in this case we have that B(L 2 (G, K) * is separable. Let {ω n : n ∈ N} be a dense subset of B(L 2 (G, K) * and a ∈ A. Let N n ⊆ G be a null set such that g ωn (s) = b ωn (s) for all s ∈ G \ N n , and N = ∪ n∈N N n . Clearly, N is a null set. If ω ∈ B(L 2 (G, K) * , let {ω n(k) } k be a subsequence converging to ω in norm. Then {b ω n(k) } k is a Cauchy sequence of bounded continuous functions: letting C = ω sup s∈G F (s) , given ε > 0 there exists L ∈ N such that for any l, k > L, we have
For the rest of the section we will assume that G is a second countable locally compact group. In this case, the measure space (G, m) is standard.
If t ∈ G, let us call a Dirac family at t a net (f U ) U ⊆ L 1 (G) consisting of non-negative functions, indexed by the directed set of all open neighbourhoods of t with compact closure, with supp f U ⊆ U and f U 1 = 1. 
in the weak* topology, for every a ∈ A.
Proof. Let a ∈ A. By Lemma 3.5 and Remark 3.6 there exists a null set N ⊆ G such that for any ξ, η ∈ L 2 (G, K) there exists a continuous function b ξ,η : G → C such that
The statement follows from the fact that the weak operator topology and the weak* topology coincide on bounded sets.
If ϕ : G × G → CB(A) is a bounded pointwise measurable function, let T (ϕ) : G × G → CB(A) be the function given by
It is easy to see that, for each a ∈ A, the function (s, t) → T (ϕ)(s, t)(a) from G × G into A is bounded and weakly measurable. The inverse T −1 of T is given by
Note that if F is pointwise measurable then so is N (F ).
The next theorem is a dynamical system version of the well-known description of Herz-Schur multipliers in terms of Schur multipliers [5] . Recall that, given a map ϕ : X × Y → CB(A) and a faithful *-representation θ of A, we let ϕ θ : X × Y → CB(θ(A)) be the map given by ϕ θ (x, y)(θ(a)) = θ(ϕ(x, y)(a)), a ∈ A. Note that, if ϕ is pointwise measurable then so is ϕ θ . 
Setting T = (π θ λ θ )(f ) in equation (24), we have (25) π θ (F (s)(f (s)))λ θ s ds = W * ρ A (f (s))ρ G (s)ds V.
Standard arguments show that, if a ∈ A and (f U ) U is a Dirac family at the point t ∈ G, then
in the weak operator topology. Taking f = f U ⊗ a in (25) and using Lemma 3.7, we obtain a null set N such that
For s and t in G, let α(s), β(t) ∈ B(L 2 (G, H ), K) be given by
then for every ξ ∈ L 2 (G, H ), the functions s → α(s)ξ and s → β(s)ξ are weakly continuous and hence α and β belong to L ∞ (G, B(L 2 (G, H ), K)).
Using (27), for all (s, t) ∈ G × G with ts −1 ∈ G \ N , we obtain
. 
Fix a compact set K ⊆ G. Then the function (29) h K : (t, r) → χ K×K (t, r)∆(r) −1 θ(α t −1 (f (tr −1 ))) belongs to L 2 (G × G, θ(A)). Note that
We have
Let ξ, η ∈ L 2 (G, H ) have compact support and (K n ) ∞ n=1 be an increasing sequence of compact sets such that G = ∪ ∞ n=1 K n (such a sequence exists since G is second countable and hence σ-compact). Then (31)
On the other hand, 
By (30), T h Kn → n→∞ (π θ λ θ )(f ) in the weak* topology. It follows that
and hence the map S θ F is bounded. Similar arguments show that, in fact, S θ F is completely bounded and S θ F cb ≤ ϕ S . By Remark 3.2 (iii), F is a Herz-Schur multiplier and
The last inequality and (28) show that F m = N (F ) S and the proof is complete. (i) F is a Herz-Schur multiplier such that S θ F can be extended to a weak* continuous map on A w * α,θ G; (ii) there exists a weak* continuous completely bounded linear map Φ on A w * α,θ G such that for almost all t ∈ G (33) Φ(π θ (a)λ θ t ) = π θ (F (t)(a))λ θ t , a ∈ A. In particular, (i) holds true if N (F ) is a Schur θ-multiplier.
Proof. (i)⇒(ii) Suppose that F : G → CB(A) is a Herz-Schur multiplier and let Φ be the (unique) weak* continuous extension of S θ F to A w * α,θ G.
By Lemma 3.7, there exists a null set N ⊆ G such that, if (f U ) U is a Dirac family at t ∈ G \ N then, for every a ∈ A,
while, as can be easily checked,
(both limits are in the weak operator topology). It follows that (33) holds
Suppose that the map S N (F ) θ has a weak* continuous extension to a map on B(L 2 (G))⊗θ(A) . By the proof of Theorem 3.8, if G = ∪ ∞ n=1 K n , where K n is an increasing sequence of compact subsets of G, f ∈ C c (G, A) and T h K is the operator with the kernel h K given by (29) , then T h Kn → (π θ λ θ )(f ) in the weak* topology. As S N (F ) θ has a weak* continuous extension, we have
On the other hand, by (32) ,
F is the restriction of S N (F ) θ to A α,θ G, and hence S θ F possesses a weak* continuous extension to A w * α,θ G. Remark 3.11. We remark that if in Corollary 3.10 we assume also that F : G → CB(A) is (π θ , λ θ )-fiber continuous then condition (ii) is equivalent to F being a Herz-Schur θ-multiplier. Therefore, in this case, F is a Herz-Schur θ-multiplier if and only if F is a Herz-Schur multiplier such that S θ F possesses a weak*-continuous extension to A w * α,θ G. (2) α s ( ξ, η A ) = τ (s)ξ, τ (s)η A , for all s ∈ G and ξ, η ∈ N ;
(3) τ (s)(ξ · a) = (τ (s)ξ) · α s (a), for all s ∈ G, ξ ∈ N and a ∈ A;
(4) the map s → τ (s)ξ is continuous for every ξ ∈ N . This definition was given in [2] for discrete twisted dynamical systems. An example of such an equivariant representation can be obtained as follows. Let
We have that H G
A is a Hilbert A-module with respect to the right action given by (ξ·a)(s) := ξ(s)a and the inner product given by ξ, η A = G ξ(s) * η(s)ds. The regular equivariant representation of (A, G, α) on H G A is the pair (ρ, τ ) given by ρ(a)ξ(h) = aξ(h), (τ (t)ξ)(s) = α t (ξ(t −1 s)). It is easy to check that (ρ, τ ) satisfies the conditions (1)-(4).
The following corollary was proved in [2, Theorem 4.8] for discrete dynamical systems using different arguments.
Corollary 3.13. Let (ρ, τ ) be an equivariant representation of (A, G, α) on a countably generated Hilbert A-module N , and let ξ, η ∈ N . Define
Then F is a Herz-Schur (A, G, α)-multiplier.
Proof. By Theorem 3.8, it suffices to show that N (F ) is a Schur A-multiplier. We have
for all t ∈ G, the statement follows from Theorem 2.7.
We next identify the Schur multipliers of the form N (F ) as the "invariant" part of S 0 (G, G; A). Let ρ be the right regular representation of G on L 2 (G), i.e. (ρ r ξ)(s) = ∆(r) 1/2 ξ(sr), ξ ∈ L 2 (G), s, r ∈ G. Letα r = (Adρ r ) ⊗ α r , where, as usual, AdU is the map given by AdU (T ) = U T U * ; we have that α r is a *-automorphism of K(L 2 (G)) ⊗ A [16, Theorem 11.2.9]. We denote by S inv (G, G; A) the set of all invariant Schur A-multipliers. If w is a (possibly vector-valued) function defined on G × G, for r ∈ G, we let w r be the function given by w r (s, t) = w(sr, tr).
wherek ∈ L 2 (G × G, A) is given byk(t, s) = ∆(r)α r (k r (t, s)), s, t ∈ G.
Proof. First note that if k ∈ L 2 (G × G, A) thenk ∈ L 2 (G × G, A) and (34) k 2 = k 2 ;
indeed, 
that is, ρ r T h ρ * r = Th r , whereh r (t, s) = ∆(r)h(tr, sr), s, t ∈ G. Thus, α r (T k ) =α r (T h ⊗ a) = Th r ⊗ α r (a), and so Θ (k) = Θ(k). As h and a vary, the functions k span a dense subspace of L 2 (G × G, A), and hence Θ = Θ by continuity.
In the proof of Theorem 3.18 below, we will need the following improvement of [43, Lemma 3.9]. Lemma 3.16. Let X be a separable Banach space and w : G × G → B(X ) be a bounded function, such that, for every a ∈ X , the function (s, t) → w(s, t)(a) is weakly measurable, and w r = w almost everywhere, for every r ∈ G. Then there exists a bounded function u : G → B(X ) such that, for every a ∈ X , the function s → u(s)(a) is measurable and, up to a null set, w = N (u).
Proof. The map φ : G×G → G×G, given by φ(y, x) = (y, xy), is continuous (and hence measurable) and bijective, and Fubini's Theorem shows that it preserves null sets in both directions. By assumption, for all r ∈ G, we have that w r (s, x) = w(s, x) for almost all (s, x) ∈ G × G. Thus, w r (φ(s, x)) = w(φ(s, x)) for almost all (s, x) ∈ G × G, that is, w(sr, xsr) = w(s, xs) for almost all (x, s) ∈ G × G. We claim that w(sr, xsr) = w(s, xs) for almost all (x, s, r) ∈ G × G × G. In fact, let S ⊆ X be a countable dense subset. For each x ∈ G, let u(x) = w(s 0 , xs 0 ). Clearly, u : G → B(X ) is a bounded function such that, for every a ∈ X , the function x → u(x)(a) is weakly measurable. Now (35) implies that w(y, xy) = u(x) for almost all (x, y) ∈ G × G. Lettingũ : G × G → X be the map given byũ(s, t) = u(t), we thus have that w(y, xy) =ũ(y, x) for almost all (
The proof is complete. By Lemma 2.1, k 1 = k 2 almost everywhere, and hence ϕ(sr, tr)(a) = α r −1 (ϕ(s, t)(α r (a))), for almost all (s, t) ∈ G × G. Thus, for every a ∈ A,
for almost all (s, t) ∈ G × G. Since A is separable, we conclude that T (ϕ)(sr, tr) = T (ϕ)(s, t) for almost all (s, t) ∈ G × G.
(ii)⇒(i) follows by reversing the steps in the previous paragraph and using the density in K(L 2 (G)) ⊗ A of the linear span of the operators of the form T k ⊗ a, with k ∈ L 2 (G × G) and a ∈ A. Proof. By Theorem 3.8, the map N is a linear isometry from S(A, G, α) into S 0 (G, G; A). By the definition of N , we have that T (N (F )) r = T (N (F )) almost everywhere for every r ∈ G and every F ∈ S(A, G, α). By Lemma 3.17, the image of N is in S inv (G, G; A).
It remains to show that N is surjective. To this end, let θ be a faithful *-representation of A on a separable Hilbert space K; we identify A with its image θ(A) under θ and let ϕ ∈ S inv (G, G; A). By Lemmas 3.17 and 3.16, there exists a bounded function F : G → B(A) such that N (F ) = T (ϕ) almost everywhere and such that, for every a ∈ A, the function s → F (s)(a), is weakly measurable. It follows that N (F ) = ϕ almost everywhere. Since ϕ(x, y) is completely bounded for all (x, y), we have that F (s) ∈ CB(A) for all s ∈ G. As ϕ is a Schur A-multiplier, it follows from the proof of Theorem 3.8 that the map (π θ λ θ )(f ) → (π θ λ θ )(F · f ) on (π θ λ θ )(L 1 (G, A) ) is completely bounded. By Remark 3.2 (iii), F ∈ S(A, G, α).
We now consider bounded, as opposed to completely bounded, multipliers, and use them to characterise Herz-Schur θ-multipliers in the spirit of [7] in Proposition 3.19 below. Let Γ be a a locally compact group. For a function (i) F is a Herz-Schur θ-multiplier;
(ii) for each locally compact group Γ, the function F Γ is a θ-multiplier; (iii) for Γ = SU (2), the function F Γ is a θ-multiplier.
Proof. Let π Γ,θ : A → B(L 2 (Γ × G, K)) be the *-representation given by ξ(x, t) ). Identifying the Hilbert space L 2 (Γ × G, K) with L 2 (Γ) ⊗ L 2 (G, K) in the natural way, we see that
On the other hand,
Thus, s) ). It follows that the map Φ θ F Γ : π Γ,θ (a)λ θ (x,s) → π Γ,θ (F Γ (a))λ θ (x,s) extends to a bounded weak* continuous map on A w * α Γ ,θ (Γ × G); in other words, F Γ is a θ-multiplier.
(ii)⇒(iii) is trivial. (iii)⇒(i) We have that VN(SU (2)) ≡ ⊕ n∈N M n , where M n is the n by n matrix algebra. Hence
As Φ θ F Γ is a bounded weak* continuous map on VN(SU (2))⊗(A w * α,θ G), equations (37) and (38) now imply that id Mn ⊗Φ θ F ≤ Φ θ F Γ for all n and hence Φ θ F is completely bounded.
Multipliers of the weak* crossed product
In this section, we consider the weak* extendable Herz-Schur multipliers introduced in Definition 3.3, and characterise them as the commutator of the "scalar valued" multipliers described in Proposition 4.1 below. We fix, throughout the section, a C * -dynamical system (A, G, α). As before, A is assumed to be separable, while G is assumed to be second countable. If θ : A → B(K) is a faithful *-representation, where K is a separable Hilbert space, we let α θ : G → Aut(θ(A)) be given by α θ t (θ(a)) = θ(α t (a)), t ∈ G, a ∈ A. We call α a θ-action, if α θ t can be extended to a weak* continuous automorphism (which we will denote in the same fashion) of θ(A) , such that the map s → α θ s (x) from G into θ(A) is weak*-continuous for each x ∈ θ(A) . Proof. Set F = F u . We have (39) N (F )(s, t)(a) = u(ts −1 )a, a ∈ A, s, t ∈ G.
We assume, without loss of generality, that A is a non-degenerate C*subalgebra of B(H), for a separable Hilbert space H.
(i)⇒(ii) By Theorems 2.6 and 3.8, there exist a separable Hilbert space K, a non-degenerate *-representation ρ : A → B(K) and elements V, W of L ∞ (G, B(H, K) ) such that u(ts −1 )a = W (t) * ρ(a)V (s), for almost all s, t ∈ G and all a ∈ A.
Let (a i ) ∞ i=1 be a bounded approximate identity for A. Then, for a unit vector ξ ∈ H and every i ∈ N, we have
Since A ⊆ B(H) is non-degenerate and ρ is a non-degenerate representation, passing to a limit along i, we obtain
By [5] , u ∈ M cb A(G).
(ii)⇒(i) As G is second countable, by [5] , there exist bounded, weakly measurable functions ξ, η : G → 2 , such that u(ts −1 ) = ξ(s), η(t) , for almost all s, t ∈ G. (G, B(H, H ∞ ) ) and
for almost all s, t ∈ G and all a ∈ A. It follows by (39) and Theorems 2.6 and 3.8 that F u is a Herz-Schur (A, G, α)-multiplier. Now suppose that u ∈ M cb A(G) and denote by Ψ u the weak* continuous completely bounded map on B(L 2 (G)) corresponding to the function u via classical transference [5] (see Remark 3.9). Let θ : A → B(K) be a faithful *representation of A, for some separable Hilbert space K. Note that N (F ) is a Schur θ-multiplier; indeed, we have that N (F ) θ (s, t)(θ(a)) = u(ts −1 )θ(a), a ∈ A, and hence S N (F ) θ = Ψ u | K(L 2 (G)) ⊗id θ(A) . It follows that S N (F ) θ is the restriction to K(L 2 (G)) ⊗ θ(A) of the weak* continuous map Ψ u ⊗ id θ(A) . By Corollary 3.10 and Remark 3.11, F u is a Herz-Schur θ-multiplier.
In what follows we denote by S θ u the weak* continuous map on A w * α,θ G arising from the previous proposition.
It is well-known that an essentially bounded function on G that is invariant under right translations agrees almost everywhere with a constant function. The next lemma is a dynamical system version of this fact. For a *-representation θ : A → B(K) such that α is a θ-action, letπ θ be the *-representation of θ(A) on L 2 (G, K) given by (π θ (a)ξ)(s) = α −1 s (a)(ξ(s)), a ∈ θ(A) , ξ ∈ L 2 (G, K). Recall that if ρ : G → B(L 2 (G)) is the right regular representation of G we writeα r for the map Adρ r ⊗ α r on K(L 2 (G)) ⊗ θ(A); we have that the mapα r can be extended to a weak* continuous map B(L 2 (G)⊗θ(A) , denoted in the same fashion. As in the proof of Lemma 3.16, there exists s 0 ∈ G such thatD(s 0 r) =D(s 0 ) for almost all r ∈ G. Thus, there exists a ∈ θ(A) such thatD(t) = a for almost all t ∈ G, and hence D(t) = α t −1 (a) for almost all t ∈ G; in other words, D =π θ (a). We thus showed that the intersection on the left hand side of (40) is contained inπ θ (θ(A) ). The converse inclusion is trivial. For the proof of the next theorem, we recall that an operator T ∈ B(L 2 (G)) is said to be supported on a measurable subset E ⊆ G × G if M χ β T M χα = 0 whenever α, β ⊆ G are measurable sets with (α × β) ∩ E = ∅. It is easy to see that the space of operators supported on the set {(s, ts) : s ∈ G} coincides with D G λ G t . Theorem 4.3. Let (A, G, α) be a C*-dynamical system and θ be a faithful *-representation of A on a separable Hilbert space K such that α is a θaction and θ(A) possesses property S σ . Let Φ be a completely bounded weak* continuous map on A w * α,θ G. The following are equivalent:
, let Ψ u be the weak* continuous completely bounded map on B(L 2 (G)) corresponding to the Schur multiplier N (u) (see Remark 3.9). We claim that
Two classes of multipliers
In this section, we describe two special classes of Herz-Schur multipliers and relate them to maps that have been studied previously.
5.1.
Multipliers from the Haagerup tensor product. Multipliers of the type studied in this subsection have been considered in the case of a discrete group in [2] . Let A be a separable non-degenerate C*-subalgebra of B(H), where H is a separable Hilbert space, and C ∞ (A) be the column operator space over A; thus, the elements of C ∞ (A) are the sequences (a i ) i∈N ⊆ A such that the series ∞ i=1 a * i a i converges in norm. Recall [4] that the Haagerup tensor product A ⊗ h A consists, by definition, of all sums
Note that A ⊗ h A embeds canonically into CB(A); for an element u =
We thus view ϕ β,γ (x, y) as a completely bounded map on A. It is easy to see that the partial sums of (45) define weakly measurable functions, and since the convergence of the series is in norm, [45, Lemma B.17] shows that the function ϕ β,γ is weakly measurable. In particular, ϕ β,γ is pointwise measurable.
Proposition 5.1. Let β : X → C ∞ (A) and γ : Y → C ∞ (A) be bounded weakly measurable functions. Then ϕ β,γ is a Schur id-multiplier. Moreover,
where the series converges in norm.
Proof. First note that
and that a similar estimate holds for ∞ i=1 γ i γ * i . It follows that the series on the right hand side of (46) converges in norm. Let k ∈ L 2 (Y × X, A),
It follows that ϕ β,γ is a Schur A-multiplier. Identity (46) now follows by boundedness. Since the map expressed by the right hand side of (46) is weak* extendible, we conclude that ϕ β,γ is in fact a Schur id-multiplier. (ii) for every a ∈ A, the function ϕ a : G × G → A given by
has the property that, for every r ∈ G, ϕ a (sr, tr) = ϕ a (s, t) for almost all (s, t). Moreover, if (i) holds then the map S id F has an extension to a bounded weak* continuous map on A w * α,id G.
Proof. (i)⇒(ii) By Proposition 5.1, the map S ϕ β,γ has a weak* continuous extension to a completely bounded map on B(L 2 (G))⊗A . Since S id F is the restriction of S ϕ β,γ , it possesses a weak* continuous extension to a completely bounded map on A w * α,id G. Let a ∈ A and s ∈ G. Note that, if β s i ∈ L ∞ (G, A) is given by β s i (t) = β i (s −1 t), then λ id s β i = β s i λ id s . By Corollary 3.10, for almost all s ∈ G, we have
Therefore, if ξ ∈ L 2 (G, H) then, for almost all s, t ∈ G, we have
A standard argument using the separability of H now shows that, for almost all s, t ∈ G, we have
and, since the series on the right hand side converges is norm,
i.e. ϕ a (s −1 t, t) = F (s)(a) for almost all s, t ∈ G. As the map (s, t) → (t, s −1 t) is continuous, bijective and preserves null sets in both directions, we obtain ϕ a (s, t) = F (ts −1 )(a) for almost all (s, t) ∈ G × G. Hence, for each r ∈ G, ϕ a (sr, tr) = ϕ a (s, t) almost everywhere on G × G.
(ii)⇒(i) As γ(t), β(s) ∈ C ∞ (A) for all (s, t), we have that
in norm and, in particular, ϕ β,γ (s, t)(a) ∈ A for all a ∈ A. Hence
Thus T (ϕ β,γ )(s, t)(a) = ϕ a (s, t) for all s, t ∈ G. Fix r ∈ G and let S ⊆ A be a countable dense subset. Then, for every a ∈ S we have T (ϕ β,γ ) r (s, t)(a) = T (ϕ β,γ )(sr, tr)(a) = ϕ a (sr, tr) = ϕ a (s, t) = T (ϕ β,γ )(s, t)(a), for almost all (s, t) ∈ G × G. It follows that there exists a set E ⊆ G × G whose complement is null, such that T (ϕ β,γ ) r (s, t)(a) = T (ϕ β,γ )(s, t)(a) for all (s, t) ∈ E and all a ∈ S. Fix (s, t) ∈ E. By the boundedness of the maps T (ϕ β,γ ) r (s, t) and T (ϕ β,γ )(s, t), we have that
for all a ∈ A. Thus, T (ϕ β,γ ) r = T (ϕ β,γ ) almost everywhere, for all r ∈ G. By Lemma 3.17, Theorem 3.18 and Proposition 5.1, there exists F ∈ S(A, G, α) such that N (F ) = ϕ β,γ almost everywhere.
Groupoid multipliers.
In this subsection, we relate Herz-Schur multipliers to the multipliers of the Fourier algebra of a groupoid. We refer the reader to [23] and [34] for more details on the background, which we now recall. Let G be a locally compact group acting on a locally compact Hausdorff space X; thus, we are given a map X × G → X, (x, s) → xs, jointly continuous and such that x(st) = (xs)t for all x ∈ X and all s, t ∈ G.
The set G = X × G is a groupoid, where the set G 2 of composable pairs is given by G 2 = {[(x 1 , t 1 ), (x 2 , t 2 )] : x 2 = x 1 t 1 }, and if [(x 1 , t 1 ), (x 2 , t 2 )] ∈ G 2 , the product (x 1 , t 1 ) · (x 2 , t 2 ) is defined to be (x 1 , t 1 t 2 ), while the inverse (x, t) −1 of (x, t) is defined to be (xt, t −1 ). The domain and range maps are given by d((x, t)) := (x, t) −1 · (x, t) = (xt, e), r((x, t)) := (x, t) · (x, t) −1 = (x, e).
The unit space G 0 of the groupoid, which is by defnition equal to the common image of the maps d and r, can therefore be canonically identified with X.
Let λ be the left Haar measure on G. The groupoid G can be equipped with the Haar system {λ x : x ∈ X}, where λ x = δ x × λ and δ x is the point mass at x. The space C c (G) of compactly supported continuous functions on G is a * -algebra with respect to the convolution product given by The completion of C c (G) with respect to this norm is denoted by L I (G), and its enveloping C * -algebra C * (G) is called the groupoid C * -algebra of G.
Let A = C 0 (X) and α t (a)(x) = a(xt), t ∈ G, x ∈ X. Then α : t → α t is a continuous homomorphism from G to Aut(A). Identifying C c (X × G) = C c (G) with a subspace of C c (G, A), we see that the * -algebra structure on C c (G, A), associated with the action α (see the beginning of Section 3), coincides with the one on C c (G) except for the absence of the modular function in the definition of the involution. However, the C * -algebras C * (G) and the full crossed product A α G are isomorphic via the map φ given by
giving φ(f ) * = φ(f * ). By [23, p. 9] , the map φ extends to a *-isomorphism from C * (G) onto A α G.
Let µ be a measure on X and ν = µ × λ; thus, for a measurable subset
Let Ind(µ) be the *-representation of C c (G) on L 2 (G, ν −1 ) given by
One can check that Ind(µ)(f ) ≤ f I [23] ; hence Ind(µ) can be extended to C * (G). If supp µ = X then the map f → M f , where M f is the operator of multiplication by f on L 2 (X, µ), is a faithful *-representation θ of C 0 (X). The corresponding regular representation π θ λ θ of the crossed product
we thus see that (π θ λ θ ) • φ is unitarily equivalent to Ind(µ).
Let I be the intersection of the kernels of Ind(µ) as µ varies over the measures of X. The quotient C * (G)/I is called the reduced C * -algebra of G and denoted by C * red (G). It follows from [23, Proposition 2.17 ] that Ind(µ) is a faithful representation of C * red (G) if supp µ = X. Therefore C * red (G) is isomorphic to the reduced crossed product C * -algebra of the C * -dynamical system (C 0 (X), G, α).
A measure µ on X is called quasi-invariant if the measures ν and ν −1 are equivalent. It is known that µ is quasi-invariant if and only if the measures µ and µ · s are equivalent for any s ∈ G (here µ · s(E) = µ(Es −1 )). If δ(·, s) is the Radon-Nikodym derivative d(µ · s −1 )/dµ and D is the Radon-Nikodym derivative dν/dν −1 then D(x, s) = ∆(s)/δ(x, s), x ∈ X, s ∈ G (see [34, Chapter I, 3.21] ). In what follows we will asume that X possesses a quasi-invariant measure µ such that supp µ = X.
The groupoid G equipped with such a measure µ is called a measured groupoid [34] . Next we would like to point out a connection between its multipliers, studied in [35] , and Herz-Schur (C 0 (X), G, α)-multipliers.
The Hilbert space L 2 (G, ν) carries a representation Reg of C c (G) defined by
and unitarily equivalent to Ind(µ) via the unitary operator V from L 2 (G, ν) to L 2 (G, ν −1 ) given by V ξ = D 1/2 ξ. The von Neumann algebra VN(G) of G is defined to be the bicommutant Reg(C c (G)) [35, 2.1] .
The Fourier algebra A(G) of the measured groupoid G was defined in [35] and is, similarly to the case where G is a group, a Banach algebra of complexvalued continuous functions on G. By [35, Propsition 3.1] , the operator M ϕ of multiplication by ϕ ∈ L ∞ (G) is a bounded linear map on A(G) if and only if the map Reg(f ) → Reg(ϕf ), f ∈ C c (G), is bounded. The function ϕ is in this case called a multiplier of A(G). If the map M ϕ is moreover completely bounded then ϕ is called a completely bounded multiplier of A(G).
For a bounded continuous function ϕ : X × G → C and t ∈ G, let F ϕ (t) be the linear map on C 0 (X) given by F ϕ (t)(a)(x) = ϕ(x, t)a(x), a ∈ C 0 (X), x ∈ X. Proof. Both statements follow from the previous paragraphs, Remark 3.2 (iii), the definition of (Herz-Schur) θ-multipliers and the fact that
The following statement gives the result of [35, Proposition 3.8] in case G is a locally compact second countable group. The next corollary provides a new description of the completely bounded multipliers of A(G). We write H = L 2 (X, µ).
Corollary 5.5. Let ϕ : X × G → C be a bounded continuous function. Assume that ϕ is a completely bounded multiplier of A(G). Then there exist a separable Hilbert space K and functions V, W ∈ L ∞ (G, B(H, K) ) such that, for almost all s, t ∈ G, we have that W * (t)V (s) ∈ D X and ϕ(xt −1 , ts −1 ) = (W * (t)V (s))(x), for almost all x ∈ X.
Proof. By Proposition 5.3, F = F ϕ is a Herz-Schur (C 0 (X), G, α)-multiplier. By Theorem 3.8, N (F ) is a Schur C 0 (X)-multiplier. We have
Hence there exist a separable Hilbert space K, a non-degenerate * -representation ρ : C 0 (X) → B(K) and functions V, W ∈ L ∞ (G, B(H, K) ) such that ϕ(xt −1 , ts −1 )a(x)ξ(x) = W * (t)ρ(a)V (s)ξ(x), a ∈ C 0 (X), ξ ∈ L 2 (X, µ).
Taking an approximate unit (a n ) n∈N of C 0 (X) in (48) and letting n → ∞, we obtain the statement.
Convolution multipliers
Throughout this section, we will assume that G is an abelian locally compact group, and will write the group operations additively. Let A be a separable C*-algebra and (A, G, α) be a C*-dynamical system. For a measure µ ∈ M (G), let α µ : A → A be the completely bounded map given by α µ (a) = G α r (a)dµ(r) (see [39] , [41] ). Definition 6.1. A family Λ = (µ t ) t∈G , where µ t ∈ M (G), t ∈ G, will be called a convolution (A, G, α)-multiplier (or simply a convolution multiplier), if the map F Λ : G → CB(A) given by F Λ (t) = α µt , t ∈ G, is a Herz-Schur (A, G, α)-multiplier.
For a convolution multiplier Λ = (µ t ) t∈G , we let Λ m = F Λ m . Since G is assumed to be abelian, we have that α µ • α r = α r • α µ for every r ∈ G and every µ ∈ M (G). It is well-known that in this case the map α µ : A → A lifts to a completely bounded map on th the crossed product; the following proposition provides a concrete route to this fact.
Thus, α s extends canonically to an automorphism of C * r (Γ). By abuse of notation, we consider α s as an automorphism of C * (Γ); thus, (C * (Γ), G, α) is a C*-dynamical system. By (49), α is a θ-action. Moreover, by [29, Theorem 7.7.7] 
Given a bounded measurable function ψ : G × Γ → C and t ∈ G (resp. x ∈ Γ), let the function ψ t : Γ → C (resp. ψ x : G → C) given by ψ t (y) = ψ(t, y) (resp. ψ x (s) = ψ(s, x)). We call ψ admissible if ψ t ∈ B(Γ) for every t ∈ G and sup t ψ t B(Γ) < ∞. Assuming that ψ is admissible, let F ψ (t) : C * r (Γ) → C * r (Γ) be the map given by F ψ (t)(λ Γ (g)) = λ Γ (ψ t g), g ∈ L 1 (Γ).
By abuse of notation, we consider F ψ (t) as a map on C * (Γ). Set (ii) for each t ∈ G, there exists µ t ∈ M (G) such that ψ(t, x) =μ t (x), t ∈ G, x ∈ Γ, and the family (µ t ) t∈G is a convolution (C * (Γ), G, α)-multiplier.
Proof. Note that, if µ ∈ M (G) and g ∈ L 1 (Γ) then
(i)⇒(ii) If ψ is admissible then, for every t ∈ G, ψ t ∈ B(Γ) and hence, by Bochner's theorem, there exists µ t ∈ M (G) such that ψ t =μ t (see e.g. [37, Section I]). It follows from (50) that the family (µ t ) t∈G is a convolution multiplier.
(ii)⇒ (i) By (50), F ψ (t) = α µt . The claim now follows from the definition of a convolution multiplier.
For a family Λ = (µ t ) t∈G of measures in M (G), let ψ Λ : G × Γ → C be the function given by ψ Λ (t, x) =μ t (x). Call Λ admissible if the function ψ Λ is admissible. By Proposition 6.3, an admissible family of measures Λ is a Herz-Schur (C * (Γ), G, α)-multiplier if and only if ψ Λ ∈ F(G). By abuse of terminology, we will hence call the elements of F(G) convolution multipliers. Corollary 6.4. Let g ∈ L ∞ (Γ) and let ψ : G × Γ → C be given by ψ(s, x) = g(x), s ∈ G, x ∈ Γ. The following are equivalent:
Proof. The equivalence of (i) and (ii) follows from Propositions 6.2 and 6.3. Suppose that g ∈ B(Γ). Then the map on C * r (Γ) corresponding to g via classical transference has a (completely bounded) weak* continuous extension Φ g : VN(Γ) → VN(Γ). Thus, the restriction of the map Φ g ⊗ id to C * (Γ) w * α,θ G is a weak* continuous extension of S θ F ψ . By Remark 3.11, F ψ is a Herz-Schur θ-multiplier.
It will be convenient, in the sequel, to denote by S g the map S ψ , where ψ and g are as in Corollary 6.4.
The rest of the paper will be devoted to properties of the spaces F(G) and 
On the other hand,π
It follows that the map λ G s → ψ x (s)λ G s is bounded, and hence ψ x is a Herz-Schur multiplier giving ψ x ∈ B(G). The fact that ψ s ∈ B(Γ) for every s ∈ G is implicit in the definition of the space F(G).
(ii) The inequalities ψ x B(Γ) ≤ ψ m , x ∈ Γ, follow from the proof of (i). The inequalities ψ s B(Γ) ≤ ψ m , s ∈ G, follow from Corollary 3.12 and the fact that ψ s B(Γ) = F ψ (s) cb , s ∈ G.
(iii) Suppose that ψ k m ≤ C for every k ∈ N. Then it follows from (27) 
and the L 1 -norm of the latter function is equal to C |f | * |ξ|, |η| . By the Lebesgue Dominated Convergence Theorem, (51) S θ ψ k ((π θ λ θ )(f ))ξ, η → (π θ λ θ )(ψf )ξ, η . Now let f i,j ∈ L 1 (G, C c (Γ)), i, j = 1, . . . , m. By (51), the operator matrix (S θ ψ k ((π θ λ θ )(f ))) i,j converges weakly to ((π θ λ θ )(ψf )) i,j . The fact that the map s → ψ s is continuous implies that ψ is weakly measurable. Since S θ ψ k cb ≤ C for all k, we conclude that ψ ∈ F(G) and that ψ m ≤ C.
In view of Theorem 6.5, it is natural to ask the following question. Question 6.6. Can F θ (G) be characterised as a topological closure of B(G) B(Γ)?
Let CB w * (C * (Γ) α,θ G) be the space of all completely bounded maps on C * (Γ) α,θ G which admit a weak* continuous extension to C * (Γ) w * α,θ G.
As usual, if J is a family of linear transformations acting on a vector space, we denote by J its commutant. We recall that, for g ∈ B(Γ), we let S θ g denote the map on C * r (Γ) given by S θ g (λ Γ (f )) = λ Γ (gf ), f ∈ L 1 (Γ). Theorem 6.7. We have
In particular, S is a maximal abelian subalgebra of CB w * (C * (Γ) α,θ G).
Proof. Note that S is a commutative subalgebra of CB w * (C * (Γ) α,θ G) and, by Theorem 6.5 (i), contains the maps of the form S θ u and S θ v , where u ∈ B(G) and v ∈ B(Γ). It follows that it is contained in the commutant on the right hand side of (52).
Let A = C * (Γ). To establish the reverse inclusion, suppose that Φ ∈ CB w * (C * (Γ) α,θ G) commutes with the operators of the form S θ u and S θ v , where u ∈ B(G) and v ∈ B(Γ). Since G is abelian, VN(G) possesses property S σ (see e.g. [19, Theorem 1.9]). By Theorem 4.3, for each t ∈ G, there exists a completely bounded map F t : VN(Γ) → VN(Γ) such that
, u and F t (λ Γ (f )) = λ Γ (ψ t f ). The proof is complete.
Our next aim is to identify the joint commutant of two families of completely bounded maps on K(L 2 (G)), in terms of multipliers of Herz-Schur type. Recall that, for a ∈ L ∞ (G), we denote by M a the operator on L 2 (G) given by M a f = af , f ∈ L 2 (G), and set C = {M a : a ∈ C 0 (G)}.
We let id be the identity representation of C. For t ∈ G, let β t : C 0 (G) → C 0 (G) be given by β t (h)(s) = h(s − t), h ∈ C 0 (G). By abuse of notation, we denote by β t the corresponding map on the C*-algebra C. Note that (53) β t (T ) = λ G t T λ G −t , T ∈ C, and that (C, G, β) is a C*-dynamical system. Note also that (54) β µ (M a ) = M µ * a , µ ∈ M (G), a ∈ L ∞ (G).
Note that C β,id G is a C*-subalgebra of B(L 2 (G × G)). Let F : L 2 (G) → L 2 (Γ) be the Fourier transform, so that Fξ(x) = G x, s ξ(s)ds, ξ ∈ L 1 (G) ∩ L 2 (G), x ∈ Γ. Then (55) F * M t F = λ G t and F * λ Γ (f )F = Mf , t ∈ G, f ∈ L 1 (Γ), wheref : G → C is the function given byf (t) = Γ t, x f (x)dx. In particular, F * C * r (Γ)F = C. Moreover, if f ∈ L 1 (Γ) then F * α t (λ Γ (f ))F = β t (F * λ Γ (f )F),
giving F * α t (T )F = β t (F * T F), T ∈ C * r (Γ), t ∈ G. LetF = I ⊗F * ; thus,F is a unitary operator from L 2 (G×Γ) onto L 2 (G×G). It is well-known thatF (C * (Γ) α,θ G)F * = C β,id G.
Let Λ = (µ t ) t∈G be a family of measures in M (G), such that the function ψ Λ is in F(G). Then ψ Λ gives rise to a Herz-Schur (C, G, β)-multiplier given by π(Mĝ)λ t = π(F * λ Γ (g)F)λ t → π(F * F ψt (λ Γ (g))F)λ t = π(M µt * ĝ )λ t .
This observation was our motivation for the chosen terminology for convolution multipliers. Note that the convolution multipliers are of different nature than Herz-Schur (C, G, β)-multipliers considered in Section 5.2.
The pair (id, λ G ) is a covariant representation of (C, G, β) (see (53)); in addition, id λ G is a faithful representation of C β G on L 2 (G) and its image coincides with the algebra K(L 2 (G)) of all compact operators on L 2 (G) (see [36] and [45] ).
For ψ ∈ F(G), let E ψ : K(L 2 (G)) → K(L 2 (G)) be the (completely bounded) map given by E ψ ((id λ G )(FTF * )) = (id λ G )(FS θ ψ (T )F * ), T ∈ C * (Γ) α,θ G. We extend E ψ to a weak* continuous map on B(L 2 (G)), denoted in the same fashion. For r ∈ G, let ρ G r ∈ B(L 2 (G)) be the corresponding right regular unitary on L 2 (G), that is, ρ G r f (s) = f (s + r), s, r ∈ G, f ∈ L 2 (G). For a measure µ ∈ M (G), consider the map Θ(µ) ∈ CB(B(L 2 (G)), given by (57) Θ(µ)(T ) = G ρ G r T ρ G −r dµ(r), T ∈ B(L 2 (G)).
It is easy to see that (58) Θ(µ)(M a ) = M µ·a = Mμ * a , a ∈ L ∞ (G),
where (µ · a)(s) = G a(s + r)dµ(r) andμ is the measure on G given bỹ µ(E) = µ(−E). Note that Θ(µ) is a VN(G)-bimodule map and leaves D G invariant.
Recall that, for every u ∈ B(G), the function N (u) given by N (u)(s, t) = u(t−s), is a Schur multiplier [5] (see also Remark 3.9). Thus, the corresponding map Ψ u : B(L 2 (G)) → B(L 2 (G)) is a completely bounded D G -bimodule map that leaves VN(G) invariant. Proof. Let f ∈ C c (G, C c (Γ)) be given by f (s) = f 0 (s)g, for a certain g ∈ C c (Γ) and a certain f 0 ∈ C c (G). Let i : C c (G, C c (Γ)) → C * (Γ) α,θ G be the embedding map given by i(h)ξ(t) = G α −t (λ Γ (h(s)))λ θ s ξ(t)ds, ξ ∈ L 2 (G × Γ), h ∈ C c (G × Γ).
We have i(f )ξ(t) = G α −t (λ Γ (g))f 0 (s)λ θ s ξ(t)ds and, by (55) and (56),
Let T, T µ : G → C be the maps given by T (s) = M f 0 (s)ĝ and T µ (s) = M f 0 (s)µ * ĝ , s ∈ G; clearly, T, T µ ∈ L 1 (G, C). Let j : L 1 (G, C) → C β,id G be the canonical injection. By (59),Fi(f )F * = j(T ) andFi(ψ µ f )F * = j(T µ ).
(i) Note that S θ ψµ (i(f )) = i(ψ µ f ) = i(f 0 ⊗ (μg)). We have E ψµ (Mĝλ G (f 0 )) = E ψµ ((id λ G )(j(T ))) = E ψµ ((id λ G )(Fi(f )F * )) = (id λ G )(FS θ ψµ (i(f ))F * ) = (id λ G )(Fi(f 0 ⊗μg)F * ) = (id λ G )(j(T µ )) = M µ * ĝ λ G (f 0 ). By (58) and the modularity of Θ(µ) over VN(G) we now have E ψµ (Mĝλ G (f 0 )) = M µ * ĝ λ G (f 0 ) = Mμ ·ĝ λ G (f 0 ) = Θ(μ)(Mĝλ G (f 0 )).
Since the operators of the form Mĝλ G (f 0 ) span a dense subspace of K(L 2 (G)), it follows that E ψµ = Θ(μ).
(ii) Similarly to (i), we have E ψu (Mĝλ G (f 0 )) = (id λ G )(Fi(uf 0 ⊗ g)F * ) = Mĝλ G (uf 0 ).
Since, by [15] , λ G (uf 0 ) = Ψ u (λ G (f 0 )), and Ψ u is a C-bimodule map, we obtain that E ψu (Mĝλ G (f 0 )) = Ψ u ((Mĝλ G (f 0 )). The statement now follows by the density of the linear span of the operators of the form Mĝλ G (f 0 ) in K(L 2 (G)). Definition 6.9. Let (θ, τ ) be a covariant representation of the dynamical system (A, G, α). We say that F : G → CB(A) is a Herz-Schur (θ, τ )multiplier if the map θ(a)τ s → θ(F (s)(a)τ s , s ∈ G, a ∈ A can be extended to a weak*-continuous completely bounded map on the weak* closed hull of (θ τ )(A α G).
Let F id,λ G (G) be the set of admissible functions ψ : G × Γ → C such that the corresponding F ψ : G → CB(C) is a Herz-Schur (id, λ G )-multiplier for the dynamical system (C, G, β). In particular, E is a maximal abelian subalgebra of CB(K(L 2 (G)).
Proof. The fact that E is contained in the right hand side follows from the fact that E is a commutative subalgebra of CB(K(L 2 (G))) and, by Proposition 6.8, contains the maps Θ(µ) and Ψ u , where u ∈ B(G) and µ ∈ M (G).
To prove the reverse inclusion, we modify the arguments in the proof of Theorem 4.3. Let Φ ∈ CB(K) commute with Ψ u and Θ(µ), for all µ ∈ M (G) and all u ∈ B(G). The map Φ has a unique extension to a weak* continuous completely bounded map on B(L 2 (G)), which will be denoted by the same symbol. Let t ∈ G, a ∈ L ∞ (G) and T = M a λ G t . Set
Then for u ∈ J we have Ψ u (M a λ G t ) = u(t)M a λ G t = M a λ G t .
As ΦΨ u = Ψ u Φ, we obtain Ψ u (Φ(T )) = Φ(T ).
By [1] and the remark before Theorem 4.3, we conclude that Φ(T )λ G −t ∈ D G . Therefore, there exists a t ∈ L ∞ (G) such that Φ(M a λ G t ) = M at λ G t . Let F t (a) = a t , t ∈ G. Then F t is a linear map on D G . Since Φ is completely bounded and weak* continuous, F t is so, too.
Since Φ commutes with Θ(µ), µ ∈ M (G), we have
giving F t (µ · a) = µ · F t (a). The map F t is the adjoint of a bounded linear map Ψ t : L 1 (G) → L 1 (G) such that Ψ t (µ * f ) = µ * Ψ t (f ), µ ∈ M (G), f ∈ L 1 (G). By [37, 3.8.4] , there exists ν t ∈ M (G) such that F t (a) = ν t * a, a ∈ L ∞ (G). Let ψ(t, x) =ν t (x), t ∈ G, x ∈ Γ. Then ψ ∈ F id,λ G (G) and Φ is the weak* extension of E ψ .
Remark 6.11. Assume G is arbitrary and let β t : C → C be given by β t (M a ) = λ G t M a λ G t −1 . Then (C, G, β) is a C * -dynamical system. For a measure µ we consider the map Θ(µ) ∈ CB(L 2 (G)) given by (57). We have Θ(µ)(C) ⊆ C. Moreover, for each r ∈ G we have β r • Θ(µ) = Θ(µ) • β r :
Hence Θ(µ) gives rise to a completely bounded map on C β,r G, i.e. the function F , given by F (t)(M a ) := Θ(µ)(M a ), is a Herz-Schur (C, G, β)multiplier. For Λ = {µ t } t∈G we let F Λ (t)(M a ) = Θ(µ t )(M a ). The class of Herz-Schur multipliers F Λ includes the convolution multipliers examined in the present section, whose study will be pursued elsewhere.
